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Abstract We show that if an extremally disconnected space X has a homogeneous
compactification, then X is finite. It follows that if a totally bounded topological group
has a dense extremally disconnected subspace, then it is finite. The techniques devel-
oped in this article also imply that if the square of a topological group G has a dense
extremally disconnected subspace, then G is discrete. See also Theorem 3.12. We also
establish a sufficient condition for an extremally disconnected topological ring to be
discrete (Theorem 3.9). A theorem on the structure of an arbitrary homeomorphism of
an extremally disconnected topological group onto itself is proved (see Theorem 3.7
and Corollary 3.8).
Keywords Extremally disconnected · Compactification · Topological group ·
Dyadic compactum · Homogeneous space · Totally bounded group
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1 Introduction
In this article, “a space” is “a Tychonoff topological space”. We consider various
aspects of the theory of extremally disconnected spaces. A space X is extremally dis-
connected if the closure of every open subset of X is open (see [10,12,14]). Obviously,
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every discrete space is extremally disconnected, but the converse is not true. However,
every metrizable extremally disconnected space is discrete. Thus, extremal discon-
nectedness can be considered as a non-trivial generalization of discreteness. On the
other hand, it can be also viewed as a very strong case of total disconnectedness and
zero-dimensionality, since every extremally disconnected space, obviously, has a base
consisting of sets that are both open and closed. Extremally disconnected spaces may
seem to be somewhat exotic objects, but Gleason [10], Ponomarev [14], and several
other mathematicians have shown that they play a central role in the theory of con-
tinuous mappings of compact spaces and, more generally, in the theory of irreducible
perfect mappings.
We study extremally disconnected spaces from various points of view. In particu-
lar, we consider compactifications of extremally disconnected spaces, we investigate
when a space has a dense extremally disconnected subspace, we study how extremal
disconnectedness interacts with homogeneity. We also study the structure of homeo-
morphisms of extremally disconnected spaces and obtain some new results on extre-
mally disconnected topological groups. It is an old problem, more than 40 years old,
posed in [1] whether every extremally disconnected topological group is discrete. The
negative answer is consistent with Z FC [16], but nobody was able to construct the
required example in ZFC only.
Recall that a topological group G is totally bounded, or precompact, if for each
open neighbourhood V of the neutral element e some finite collection of the sets of
the form xV , where x ∈ G, covers G. A dyadic compactum is a compact space which
can be represented as an image of a topological product of some family of metrizable
compacta under a continuous mapping. A standard reference for topological groups
is [4]. For definitions in General Topology, see [3] and [7].
2 Extremally disconnected subspaces, homogeneous extensions,
and topological groups
In this section we consider a general problem: when a topological space X may have
a dense extremally disconnected subspace? Notice that any infinite countable metriz-
able compact space X has a dense extremally disconnected subspace Y consisting of
all isolated points of X , while any such space X is not extremally disconnected. Thus,
a space needn’t be extremally disconnected if it has a dense extremally disconnected
subspace.
Recall that a space X is homogeneous if for any x, y ∈ X there exists a homeo-
morphism h of X onto itself such that h(x) = y.
It is convenient to distinguish the following point-wise version of extremal discon-
nectedness. A point a of a space X is a point of extremal disconnectedness of X if
there are no disjoint open sets U and V such that a belongs to the closure of each of
them. The next easy to prove statement is a part of the folklore. See, for example [4].
Proposition 2.1 A space X is extremally disconnected if and only if every point of X
is a point of extremal disconnectedness of X.
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By the way, it follows that if a space is locally extremally disconnected, then it is
extremally disconnected.
Here is another simple fact which turns out to be quite useful:
Proposition 2.2 If Y is a dense subspace of X, and a ∈ Y , then a is a point of extremal
disconnectedness of Y if and only if a is a point of extremal disconnectedness of X.
The next statement, easy to prove with the help of the above facts, plays a key role
in many arguments below.
Theorem 2.3 If a homogeneous space X contains a dense extremally disconnected
subspace Y , then X is extremally disconnected.
Proof It follows from Proposition 2.2 that X is extremally disconnected at a dense set
of points. Since X is homogeneous, we conclude that X is extremally disconnected at
every point. Hence, X is extremally disconnected by Proposition 2.1. unionsq
Corollary 2.4 If a semi-topological group G contains a dense extremally discon-
nected subspace, then G is extremally disconnected.
Proof Indeed, every semi-topological group is a homogeneous space. unionsq
Now we can easily prove the following basic fact:
Theorem 2.5 A topological group G is extremally disconnected if and only if its
Raikov completion ρG is extremally disconnected.
Proof Indeed, ρG is a topological group containing G as a dense subgroup [4]. There-
fore, we can apply Corollary 2.4. To establish the opposite implication, it suffices to
refer to the fact that every dense subspace of an extremally disconnected space is,
obviously, extremally disconnected. unionsq
Our next result improves a theorem of Frolik saying that every homogeneous
extremally disconnected compact space is finite (see [2,9]).
Theorem 2.6 If a homogeneous compactum X contains a dense extremally discon-
nected subspace, then X is finite.
Proof It follows from Theorem 2.3 that X is extremally disconnected. It remains to
apply the result of Frolik mentioned above. unionsq
Corollary 2.7 If X is an infinite extremally disconnected space, then no compactifi-
cation of X is homogeneous.
Problem 2.8 Does there exist a homogeneous compact space X that can be mapped
by a continuous mapping onto some infinite extremally disconnected compact space
Y ?
I believe, the answer to the last question is “no”. If this is the case, that would be a
very strong generalization of Frolik’s Theorem.
Since every topological group is a homogeneous space, we immediately obtain
from Theorem 2.6 the next corollary: if a compact topological group G has a dense
extremally disconnected subspace, then G is finite. We will see below that the last
statement can be considerably improved in several directions.
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Theorem 2.9 Every totally bounded topological group G with a dense extremally
disconnected subspace is discrete and hence, is finite.
Proof It is well known that the Raikov completion ρG of any totally bounded topo-
logical group G is a compact topological group containing G as a dense topological
subgroup (see [4]). Fix a dense extremally disconnected subspace Y of G. Then Y is
also a dense subspace of ρG. Now we can apply the above observation and conclude
that ρG and G are finite. unionsq
The last result improves Corollary 3.7.29 from [4] saying that every totally
bounded extremally disconnected topological group is finite. Besides, the proof of
Theorem 2.9 given above is much simpler than the proof of Corollary 3.7.29 in [4]
based on quite different ideas. Recall that a subset A of a uniform space X is pre-
compact if the closure of A in the uniform completion of X is compact [7]. Every
topological group G has a natural two-sided uniformity; the completion of G with
respect to this uniformity is the Raikov completion ρG of G [4].
We can present now an alternative proof of Theore 3.7.28 from [4], on which the
proof of Corollary 3.7.29 is based, and to generalize this theorem as follows:
Theorem 2.10 Suppose that G is a topological group with a dense extremally dis-
connected subspace. Then every precompact subset A of G is finite.
Proof The Raikov completion ρG is a topological group with a dense extremally
disconnected subspace. Therefore, ρG is extremally disconnected, by Corollary 2.4.
Since ρG is the uniform completion of G with respect to the two-sided uniformity of
G, and A is precompact, it follows that the closure of A in ρG is a compact subspace B
of ρG. However, every compact subspace of any extremally disconnected topological
group is finite, as it was shown in [1]. Hence, the sets B and A are finite. unionsq
A compact space X is a dyadic compactum if, for some cardinal number τ , there
exists a continuous mapping of the space Dτ onto X . Here D = {0, 1}, and Dτ is the
topological product of τ copies of the discrete space D.
It is a fundamental theorem of L. Ivanovskij and V. Kuzminov that every compact
topological group is a dyadic compactum (for a proof and a reference, see [4]).
A compactification bX of a space X is said to be a dyadic compactification of X if
bX is a dyadic compactum.
A space B will be called point-wise sequential if for every non-isolated point a ∈ B
there exists a sequence η = {an : n ∈ ω} in B\{a} converging to a. It is well known
that every dyadic compactum is point-wise sequential (see, for example [7]). The next
general statement leads to several curious corollaries.
Proposition 2.11 If Y is an extremally disconnected dense subspace of a point-wise
sequential space X, then Y is discrete.
Proof Assume the contrary, and fix a non-isolated point a ∈ Y . Then a is non-
isolated in X as well, and, since X is point-wise sequential, we can fix a sequence
η = {bn : n ∈ ω} in X such that η converges to a and a = bn = bm for any distinct
n, m in ω. Now, by a standard inductive argument, we can construct two disjoint open
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sets U and W in X such that bn ∈ U , for each even number n, and bn ∈ W , for each
odd number n. Then a belongs to the intersection of the closures in Y of the open
in Y and disjoint sets U ∩ Y and W ∩ Y , which is impossible, since Y is extremally
disconnected. unionsq
The next result can be compared to results of Efimov in [6].
Corollary 2.12 If a dyadic compactum B has a dense extremally disconnected sub-
space Y , then Y is discrete, countable, and B is metrizable.
Proof Every dyadic compactum is point-wise sequential [7]. Therefore, by Proposi-
tion 2.11, Y is discrete. But every dyadic compactum with a dense metrizable subspace
is separable and metrizable, according to a Theorem of Efimov [6]. Hence, B is metr-
izable, and Y is countable. unionsq
By Corollary 2.12, the Tychonoff cube I τ , for τ > 0, does not contain an extremally
disconnected dense subspace.
Another large class of spaces without dense extremally disconnected subspaces is
described in the next theorem.
Theorem 2.13 Suppose that X is the product space of an infinite family of regular
non-trivial spaces. Then X cannot contain a dense extremally disconnected subspace.
Proof Assume the contrary. To each point x in X a non-trivial sequence converges.
We may assume that x ∈ Y , where Y is an extremally disconnected dense subspace of
X . Fix a sequence η = {xn : n ∈ ω} converging to x such that distinct members of η
are distinct points of X . Using regularity of X , we can define an open neighbourhood
O(xn) of xn in X such that the family ξ = {O(xn) : n ∈ ω} is disjoint. Let V be
the union of all O(xn) where n is odd, and W be the union of all O(xn) where n
is even. Then V ∩ Y and W ∩ Y are disjoint open sets in Y none of which contains
x . However, x ∈ V ∩ Y ∩ W ∩ Y , since Y is dense in X . This contradicts extremal
disconnectedness of Y . unionsq
Observe that the class of point-wise sequential spaces is much larger than the class
of dyadic compacta. This can be seen from the next obvious general statement:
Proposition 2.14 A non-discrete homogeneous space X is point-wise sequential if
and only if X contains a non-trivial convergent sequence.
The next statement immediately follows from Propositions 2.11 and 2.14.
Theorem 2.15 If a homogeneous space X contains a non-trivial convergent sequence,
then no dense subspace of X is extremally disconnected.
Now it is time to mention the following delicate question posed by Rudin more than
50 years ago and still open: does every infinite compact homogeneous space contain
a non-trivial convergent sequence [15]? We can reformulate this problem as follows:
Problem 2.16 Is every homogeneous compact space point-wise sequential?
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3 Extremal disconnectedness and continuous mappings
Lemma 3.1 Suppose that h : X → X is a homeomorphism of a space X onto itself,
and that a ∈ X is a fixed point under h, i.e. h(a) = a. Then exactly one of the following
conditions is satisfied:
(1) There exists an open set U such that U and h(U ) are disjoint, and a ∈ U ∩h(U );
(2) There exists an open neighbourhood O(a) of a such that h(x) = x for each
x ∈ O(a).
Proof Since h is a homeomorphism of X onto itself, and h(a) = a, condition (1) is
equivalent to the next condition (0):
(0) There exists an open set U such that U and h(U ) are disjoint, and a ∈ U .
Call a subset V of X h-simple if V and h(V ) are disjoint. By Zorn’s Lemma, there
is a maximal open h-simple set W . If a ∈ W , then we are done.
So assume that a /∈ W . Then a /∈ h(W ), as it was already explained. There-
fore, we can fix an open neighbourhood O(a) of a such that O(a) ∩ W = ∅ and
O(a) ∩ h(W ) = ∅. Since h is continuous and h(a) = a, there exists an open neigh-
bourhood O1(a) of a such that O1(a) ⊂ O(a) and h(O1(a)) ⊂ O(a).
If h(x) = x , for each x ∈ O1(a), then condition 2) is satisfied, and we are done. It
remains to consider the case when h(b) = b for some b ∈ O1(a). Then b ∈ O(a) and
h(b) ∈ O(a); since h is continuous, it follows that we can find an open neighbourhood
W1 of b such that W1 ⊂ O(a), h(W1) ⊂ O(a), and W1 ∩ h(W1) = ∅.
Put U = W ∪ W1. Clearly, U is open, U and h(U ) are disjoint, and W ⊂ U ,
W = U . This contradicts maximality of W in the family of all open subsets V of X
such that V and h(V ) are disjoint. unionsq
The next result belongs to Frolik [8].
Corollary 3.2 If h is a homeomorphism of an extremally disconnected space X onto
itself, and x is a point of X such that h(x) = x, then there exists an open neighbourhood
U of x such that h(y) = y for each y ∈ U.
Proof This statement follows from Lemma 3.1. Indeed, condition (1) cannot hold,
since X is extremally disconnected. unionsq
Our approach permits to generalize Corollary 3.2 as follows:
Corollary 3.3 Suppose that h is a homeomorphism of a space X onto itself, and x
is a point of X such that h(x) = x. Suppose further that x is a point of extremal
disconnectedness of X. Then there exists an open neighbourhood O(x) of x such that
h(y) = y for each y ∈ O(x).
The last results can be used to compare homeomorphisms of extremally discon-
nected spaces. Indeed, we have:
Theorem 3.4 Suppose that f and g are homeomorphisms of a space X onto itself, and
that x is a point of extremal disconnectedness of X such that f (x) = g(x). Then there
exists an open neighbourhood O(x) of x such that f (y) = g(y) for every y ∈ O(x).
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Proof Put h = g−1 f . Clearly, h is a homeomorphism of X onto itself, and h(x) = x .
By Corollary 3.3, there exists an open neighbourhood O(x) of x such that h(y) = y
for every y ∈ O(x). Then f (y) = g(y), for each y in O(x). unionsq
Corollary 3.2 can be used to give a simple proof of the next statement:
Theorem 3.5 A topological group G is discrete if and only if the space G × G is
extremally disconnected.
Proof We have to show that if G × G is extremally disconnected, then the neutral
element e of G is isolated in G. Assume the contrary. Let A = G = {(x, x) : x ∈ G}
be the diagonal of G × G and B = {(x, e) : x ∈ G}. Put h((x, y)) = (x, x−1 y), for
each (x, y) ∈ G × G. Then, clearly, h is a homeomorphism of G × G onto itself,
and h((e, e)) = (e, e). It is also obvious that h(A) = B and A ∩ B = {(e, e)}. It
follows that h(z) = z for every z ∈ A\{(e, e)}. Since the point (e, e) is not isolated
in the subspace A, it follows that an arbitrary open neighbourhood O((e, e)) of (e, e)
in G × G contains a point z such that h(z) = z. However, this is impossible by Cor-
ollary 3.3, since the space G × G is extremally disconnected, h is a homeomorphism
of this space onto itself, and h((e, e)) = (e, e). unionsq
The proof of Theorem 3.5 shows that the next more general statement holds. For a
definition of a rectifiable space see [11].
Theorem 3.6 A rectifiable space X is discrete if and only if the space X × X is
extremally disconnected.
Recall that, consistently, there exists a non-discrete extremally disconnected topo-
logical group [16]. On the other hand, there exist extremally disconnected non-discrete
semi-topological groups (see [4,5]). These spaces are homogeneous; therefore, there
are many homeomorphisms of spaces of this kind onto themselves. However, a theorem
below shows that every homeomorphism of an extremally disconnected semi-topo-
logical group onto itself has a rather standard structure.
Let G be a left topological group, and f be a homeomorphism of the space G onto
itself. We will say that f is locally trivial if for every a ∈ G there exist c ∈ G and an
open neighbourhood O(a) of a such that f (x) = cx for every x ∈ O(a). For example,
if G is discrete, then every homeomorphism of G onto itself is locally trivial.
For c ∈ G, we denote by hc the left translation by c, that is, hc is the homeomor-
phism of the space G onto itself given by the rule: hc(x) = cx , for every x ∈ G. It is
obvious and well known that hb(x) = hc(x) whenever b = c and x ∈ G.
Theorem 3.7 Suppose that G is an extremally disconnected left topological group.
Then every homeomorphism f of the space G onto itself is locally trivial.
Proof Take any a ∈ G, and put b = f (a), c = ba−1. Then hc(a) = ca = b = f (a).
It follows from Theorem 3.4 that there exists an open neighbourhood O(a) of a such
that f (y) = hc(y) = cy for every y ∈ O(a). Thus, f is locally trivial. unionsq
Obviously, Theorem 3.7 can be formulated in a slightly stronger way:
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Corollary 3.8 Let f be an arbitrary homeomorphism of an extremally disconnected
left topological group G onto itself. Then there exists a disjoint open covering γ of
the space G such that, for every U ∈ γ , the restriction of f to U coincides with the
restriction of the left translation hc to U, for some c ∈ G.
Proof We use the preceding theorem and, to achieve disjointness of γ , we refer to the
fact that, if c = b, where c, b ∈ G, then hb(x) = hc(x), for any x ∈ G. unionsq
Remark If G in the above statement is compact, then the family γ in it is finite. If G
is Lindelöf or the Souslin number of the space G is countable, then γ is countable.
Theorem 3.9 Suppose that G is an extremally disconnected topological ring with the
unity 1 and with no non-trivial divisors of 0. Suppose further that c is a non-zero
element of G such that c = 1 and c−1 is defined. Then G is discrete.
Proof Consider the mapping mc of G into itself given by the rule: mc(x) = cx , for
every x ∈ G. Clearly, mc is continuous and mc(0) = 0.
Claim 1 The mapping mc is one-to-one.
Indeed, if mc(a) = mc(b), then ca = cb. Since c has an inverse, it follows that
a = b.
Claim 2 The mapping mc is onto, that is, mc(G) = G.
Indeed, take any b ∈ G, and put a = c−1b. Then, clearly, mc(a) = ca = (cc−1)b =
b.
It follows from Claims 1 and 2 that the inverse to the mapping h = mc exists. It is
also clear that the inverse to h is given by the formula: h−1(x) = c−1x , for every x ∈ G.
Therefore, h−1 is also continuous. Hence, h is a homeomorphism of G onto itself.
Since the space G is extremally disconnected and h(0) = 0, it follows from Cor-
ollary 3.2 that there exists an open neighbourhood U of 0 in G such that h(x) = x ,
for every x ∈ U .
Fix an arbitrary b ∈ U . We have b = h(b) = cb. Hence, cb−1b = 0. It follows that
(c−1)b = 0. Since c−1 = 0 and G does not have non-trivial divisors of 0, we conclude
that b = 0. Thus, U = {0}, that is, the point 0 is isolated in G, and G is discrete. unionsq
The above theorem improves the following result from [1] (see also [4]):
Corollary 3.10 Every extremally disconnected topological field is discrete.
Corollary 3.2 implies the following unusual connection between any two topolog-
ical group operations given on the same extremally disconnected space:
Proposition 3.11 Suppose that on an extremally disconnected space G two group
operations are given each of which turns G into a topological group with the same
neutral element e and with the topology given on G. Then, for every b ∈ G, there
exists an open neighbourhood V of e such that the product operations coincide for
any a in V whenever the second factor is b.
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In connection with Theorems 3.5 and 3.6, we should mention that for every extre-
mally disconnected space which is not necessarily a topological group the following
statement holds:
Theorem 3.12 If X and Y are space such that X ×Y is extremally disconnected, then
in at least one of the spaces X and Y every countable subset is closed.
Proof We argue by contradiction. Assume that A = {an : n ∈ ω} is a non-closed
countable subset of X , and fix b ∈ A\A. Assume also that P = {pn : n ∈ ω} is a
non-closed countable subset of Y , and fix q ∈ P\P .
Put cn = (b, an), dn = (pn, q), C = {cn : n ∈ ω}, D = {dn : n ∈ ω}, and
s = (b, q). Clearly, C ∩ D = {s}.
Since C and D are countable, and s is not in C ∪ D, we can easily construct, by
induction, open sets Vn and Wn in X × Y for n ∈ ω such that Vi ⊂ Vn , Wi ⊂ Wn ,
cn ∈ Vn , dn ∈ Wn , s /∈ Vn ∪ Wn , and Vn ∩ Wn = ∅, whenever i, n ∈ ω are such that
i ≤ n.
Put V = ∪{Vn : n ∈ ω} and W = ∪{Wn : n ∈ ω}. The sets V and W are open and
disjoint, C ⊂ V , and D ⊂ W . It follows that V ∩ W = ∅ and s ∈ V ∩ W . Hence, the
closure of V is not open, and the space X × Y is not extremally disconnected. This
contradiction completes the proof. unionsq
In connection with the above theorem and its corollaries below, see [13], where, in
particular, some related consistency results are established.
Corollary 3.13 If X and Y are separable spaces such that X × Y is extremally dis-
connected, then at least one of the spaces X and Y is discrete.
Corollary 3.14 If X and Y are spaces of countable tightness such that X × Y is
extremally disconnected, then at least one of the spaces X and Y is discrete.
Notice that Sirota’s extremally disconnected non-discrete topological group con-
structed under CH in [16] is countable. Hence, its tightness is countable, and we cannot
weaken the assumption in the above statement that X × Y is extremally disconnected
to the assumption that X is extremally disconnected.
Corollary 3.15 If X and Y are countably compact spaces such that X×Y is extremally
disconnected, then at least one of the spaces X and Y is discrete.
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